2 The linear programming problem

2.1 General formulation

Linear programming problem (LPP) is the problem of finding an extremum
(maximum or minimum) of a linear function of several variables subject to linear
constraints on these variables.

Example

Find the maximum value of the function
f(x1;29) = 221 + bry — max
under the following constraints on the variables z; and x5

T+ 10 < 127
Tx1 — x9 < 83
x1 2> 0,29 >0
Linear function is called the target or objective function.
Constraints may not be as strict, i.e. in the form of strict or non-strict inequal-
ities, and can be strict — in the form of equalities.
LPP are excellent mathematical models for a large number of economic (and
other) problems, such as production planning, resource consumption, transporta-

tion and others.

2.2 The mathematical formulation of the problem

In general, the problem can be formally represented as follows (for the maxi-

mization problem):
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max z = max(c1zy + -« - + pTy)

a1T1 + -+ iy < bl,Z = 1,m1
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z; > 0,5 =1,nq,

(1) :

(2) :

(3) rapnxy + -+ + Qppxy, = bi, i =g, m
(4) : z;

(5) :

r; >2< 0,5 =ng,n.
Similarly, we can write a general formulation of the minimization problem.
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However, such problems are solved when they are written using one of the
specific forms. For the maximization problem, there are 4 types of special LP

problems: standard and canonical forms.

2.2.1 Standard form of maximization LP problem

(1) : max z = max(c1xy + -+ - + ¢, Tp)

(2) s apry 4 -+ @iy < bjyi=1,m
(3):x; >0,j=1,n.

In matrix and vector form, this problem can be written as follows:

max z = max C'X max z = max CX
X >0 X>0

2.2.2 Canonical form of maximization LP problem
(1) : max z = max(c;xy + - + ¢pp)

(2)3ai1$1+"'+am$n=bi,i: 1.m

(3):x; >0,j =1,n.

If a mathematical model of a linear programming problem has this form, then
we say that the problem is presented in canonical form.

In matrix and vector form, this problem can be written as

max z = max CX max z = max CX
AX =B — AiX:bl,izl,m
X>0 X >0

Any linear programming problem can be reduced to a linear programming
problem in canonical form. To do this, in the general case, we must be able to
reduce the problem of maximization to the minimization problem; move from the
constraints of inequalities to equality constraints and replace variables that do not
satisfy the condition of non-negativity. Maximization of a function equivalent to
minimization of the same function taken with the opposite sign, and vice versa.

The rule of reduction of a linear programming problem to the canonical form

is as follows:



e if the original problem requires to determine the maximum of a linear func-
tion, it is necessary to change the sign and search the minimum of this

function;
e if the right side of constraint is negative, then multiply this constraint by -1;

e if there are constraints of inequality, by including additional non-negative

variables are converted to equality;

e if some variable x; has no restrictions on the sign, it will be replaced (in the
objective function and all constraints) by the difference between the two new
non-negative variables: z3 = x5 — x5, x4,z5 > 0.

Example 1. Reduction to the canonical form of the linear programming prob-

lem:
min z = 2z + x5 — T3
2ry — w3 < 5;
1+ — w3 2> —1
2x1 — 10 < —3;
x1 2 0;29 2 0;23 > 0.
We introduce into each equation of constraints leveling variables x4, x5, xg.

The system takes the form of equations, and in the first and third equations of

system constraints variables x4, xg are introduced into left side with the sign 747,

”_”

and into the second equation the variable x5 is introduced with sign
209 —x3+ T4 = 5;
1+ Ty —x3 — x5 = —1;
2r1 — 19 + g = —3;
x4 2> 0;25 > 0;06 > 0.
Free terms in canonical form must be positive, for this last two equations are
multiplied by -1:
209 — X3+ T4 = O;
-1 — T2t a3+ a5 =1

—2[E1—|—I2—ZE6:3.



In the canonical form of linear programming problems all of the variables in-
cluded in the system of restrictions should be negative. Assume that x; = 93/1 — X7,
xll > 0,27 > 0.

Substituting this expression into the objective function and constraints, and
writing variables in ascending order of the index, we obtain a linear programming

problem presented in the canonical form:

minz:2x1+x2—x3—2w7
209 — x3 = ;
—xll—x2+9c3+x5+x7:1;
—2:Bll+932—x6+21:7:3;
xy > 0y2; > 056 = 2,7.



